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Re´sume´ :
Nous e´tudions la convection et la diffusion d’une espe`ce dans un milieu poreux en pre´sence d’une
re´action chimique line´aire d’adsorption/de´sorption sur les surfaces des pores. Le mode`le mathe´matique
est un syste`me de deux e´quations de convection-diffusion couple´es, une dans le volume du fluide sature´
circulant dans le milieu poreux, l’autre sur les surfaces des pores, a` l’interface avec la partie solide du
milieu poreux. Il y a un couplage graˆce a` un terme de re´action line´aire exprimant l’e´change de masse
entre la concentration volumique et la concentration surfacique. Par une me´thode de de´veloppement
asymptotique a` deux e´chelles avec de´rive, on obtient le proble`me homoge´ne´ise´ dans un re´pe`re mobile.
Des calculs nume´riques sont effectue´s en 2-d afin d’e´tudier l’effet des variations du taux d’adsorption,
du nombre de Pe´clet et de la diffusion surfacique sur le tenseur de dispersion effectif.
Abstract :
In this work, we study the convection and diffusion of a solute in a porous medium in the presence of
a linear chemical reaction of adsorption/desorption on the pore surfaces. The mathematical model is
a system of two coupled convection-diffusion equations, one in the bulk of the saturated fluid flowing
in the porous medium, the other on the pores surface, at the interface with the solid part of the porous
medium. The coupling takes place through a linear reaction term expressing the exchange of mass
between the bulk concentration and the surface concentration. By a method of two-scale asymptotic
expansion with drift we obtain the homogenized problem in a moving frame. Some 2-d numerical tests
are performed in order to study the effect of variations of the adsorption rate constant, the Pe´clet
number and the surface molecular diffusion on the effective dispersion tensor.
Mots clefs : Homogenization ; Porous media ; Effective dispersion
1 Introduction
Transport of solutes through porous media, where there is an exchange of mass at the interface between
the bulk and the pore surface, find applications in wide ranging areas from Chemical Engineering to Soil
Sciences [3], [5]. We understand porous media flows based on our knowledge of basic physical principles
at the pore scale but the observations are made at the macroscale. Direct numerical simulation for
solving microscopic models are often impossible to handle with the available computational ressources
and thus upscaling is required. The method of multiscale expansions comes to our help in describing
the effective behavior of the porescale phenomena and is very dependable as it is mathematically
rigorous through the theory of homogenization [6]. Dispersion phenomenon has attracted a lot of
interest since the pioneering work of Taylor [10]. Multiple scale expansions were employed to study
dispersion phenomena in presence of adsorption in [1], [2], [4], [7]. The mathematical model considered
here is a system of two coupled convection-diffusion equations, one in the bulk of the saturated fluid
flowing in the porous medium, the other on the pores surface. The coupling arises through a linear
equilibrium between bulk and surface concentrations. Due to the linearity of our adsorption/desorption
term and our assumption of single phase single component flow, the present model can be seen just as
a toy model. In future work we shall consider multiple phase multi component flow with more complex
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adsoprtion isotherms of Langmuir type. This research is partially supported by the GNR MOMAS
(Mode´lisation Mathe´matique et Simulations nume´riques lie´es aux proble`mes de gestion des de´chets
nucle´aires) (PACEN/CNRS, ANDRA, BRGM, CEA, EDF, IRSN) and by the Chair “Mathematical
modelling and numerical simulation, F-EADS - Ecole Polytechnique - INRIA”.
2 Description of the problem
We consider an ε-periodic infinite porous medium. Typically, this medium is built out of Rd (d = 2
or 3, being the space dimension) by removing a periodic distribution of solid obstacles which, after
rescaling, are all similar to the unit obstacle Σ0. More precisely, let Y = [0, 1]d be the unit periodicity
cell. Let us consider a smooth partition Y = Σ0∪Y 0 where Σ0 is the solid part and Y 0 is the fluid part.
The fluid part is assumed to be a smooth connected open subset whereas no particular assumptions
are made on the solid part. For each multi-index j ∈ Zd, we define Y jε = ε(Y 0 + j), Σ
j
ε = ε(Σ0 + j),
Sjε = ε(∂Σ0 + j), the periodic porous medium Ωε = ∪j∈ZdY
j
ε and the (d − 1)−dimensional surface
∂Ωε = ∪j∈ZdS
j
ε . We denote by n(y) the exterior unit normal to Y 0. Then, G(y) = Id − n(y) ⊗ n(y)
is the projection matrix on the tangent hyperplane to the surface ∂Y 0 = ∂Σ0. In order to define a
Laplace-Beltrami operator on this surface, we define the tangential gradient ∇S = G(y)∇ and the
tangential divergence divSΨ = div(G(y)Ψ) for a vector field Ψ defined from Y 0 into Rd.
We assume that the porous medium is saturated with an incompressible fluid, the velocity of which
is assumed to be independant of time and periodic in space. The fluid cannot penetrate the solid
obstacles but can slip on their surface. Therefore, we consider two periodic vector fields : b(y), defined
in the bulk Y 0, and bS(y), defined on the surface ∂Σ0 and belonging at each point of ∂Σ0 to its tangent
hyperplane. Assuming that the fluid is incompressible and does not penetrate the obstacles means that
divyb(y) = 0 in Y
0, b(y) · n(y) = 0 on ∂Σ0, divSy b
S(y) = 0 on ∂Σ0.
We assume that the molecular diffusion is periodic, possibly anisotropic, varying in space and different
in the bulk and on the surface. In other words, D(y) and DS(y) are two periodic symmetric coercive
tensors, namely there exists a constant C > 0 such that, for any ξ ∈ Rd,
D(y)ξ · ξ ≥ C|ξ|2 in Y 0, DS(y)ξ · ξ ≥ C|ξ|2 on ∂Σ0.
Introducing the two positive constants κ (the adsorption rate) and K (the adsorption equilibrium
constant), for some positive final time T we consider the coupled system
∂uε
∂t
+
1
ε
bε · ∇uε − div (Dε∇uε) = 0 in (0, T ) × Ωε. (1)
−
Dε
ε
∇uε · n =
∂vε
∂t
+
1
ε
bSε · ∇
Svε − div
S
(
DSε∇
Svε
)
=
κ
ε2
[
uε −
vε
K
]
on (0, T ) × ∂Ωε. (2)
uε(0, x) = u
0(x) in Ωε, vε(0, x) = v
0(x) on ∂Ωε (3)
where u0(x) and v0(x) are the initial concentrations. The notations for the coefficients are, as usual,
Dε(x) = D(x/ε), D
S
ε (x) = D
S(x/ε), bε(x) = b(x/ε) and b
S
ε (x) = b
S(x/ε). The scaling of system
(1)-(3), where some terms are very large of order ε−1 or ε−2, should not be a surprise for the attentive
reader. Indeed, it is obtained from an adimensonalized system (without any ε factor) by the parabolic
change of variables (τ, y)→ (ε−2t, ε−1x).
Remark 2.1 When κ = 0, the equations for uε and vε are decoupled. So, we always assume κ > 0.
When K = 0, it formally yields that vε = 0 and the only remaining unknown uε satisfies a homogeneous
Neumann boundary condition on ∂Ωε.
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3 Two Scale Expansions with drift
We homogenize the microscopic model (1)-(3) using the formal method of two-scale asymptotic ex-
pansions with drift [1], [8]. This method starts with the assumption that uε and vε can be written in
terms of an infinite series as
uε(t, x) =
∞∑
i=0
εiui
(
t, x−
b∗t
ε
,
x
ε
)
, vε(t, x) =
∞∑
i=0
εivi
(
t, x−
b∗t
ε
,
x
ε
)
, (4)
where ui(t, x, y) and vi(t, x, y) are functions of the macroscopic variable x ∈ R
d and of the microscopic
periodic variable y = x
ε
∈ (0, 1)d. The drift b∗ ∈ Rd is unknown to start with. It shall be determined
along the process of homogenization. The idea is to plug (4) in (1)-(2). We shall keep in mind the
following chain rule differentiation :
∂
∂t
[
φ
(
t, x−
b∗t
ε
,
x
ε
)]
=

∂φ
∂t
−
d∑
j=1
b∗j
ε
∂φ
∂xj

(t, x− b∗t
ε
,
x
ε
)
,
∂
∂xj
[
φ
(
t, x−
b∗t
ε
,
x
ε
)]
=
[
∂φ
∂xj
+
1
ε
∂φ
∂yj
](
t, x−
b∗t
ε
,
x
ε
)
.
(5)
Inserting the asymptotic expansions of the solutions in the model, we identify the coefficients of the
various powers of ε to get a cascade of equations. We present a lemma that plays a crucial role in
solving those partial differential equations.
Lemma 3.1 For three given source terms f ∈ L2(Y 0), g ∈ L2(∂Σ0) and h ∈ L2(∂Σ0), the following
system of steady-state equations

b(y) · ∇yu− divy(D(y)∇yu) = f in Y
0,
−D(y)∇yu · n+ g = κ
(
u−K−1v
)
on ∂Σ0,
bS(y) · ∇Sy v − div
S
y (D
S(y)∇Sy v)− h = κ
(
u−K−1v
)
on ∂Σ0,
y → (u(y), v(y)) Y − periodic,
(6)
admits a solution (u, v) ∈ H1#(Y
0) × H1#(∂Σ
0), unique up to the addition of a constant multiple of
(1,K), if and only if the sources are in equilibrium, i.e.,∫
Y0
f dy +
∫
∂Σ0
(g + h) dσ(y) = 0. (7)
Remark 3.2 As usual, L2 is the space of square integrable functions and H1 that of functions which
belong to L2 as well as their first order derivatives. The subscript # indicates a space of Y -periodic
functions.
Theorem 3.3 Under the assumption (4), the solution (uε, vε) of (1)-(3) is given, for small ε, by
uε(t, x) ≈ u0
(
t, x−
b∗t
ε
)
+ εu1
(
t, x−
b∗t
ε
,
x
ε
)
; vε(t, x) ≈ Ku0
(
t, x−
b∗t
ε
)
+ εv1
(
t, x−
b∗t
ε
,
x
ε
)
with the effective drift
b∗ =
∫
Y 0
b(y) dy +K
∫
∂Σ0
bS(y) dσ(y)
|Y 0|+K|∂Σ0|d−1
(8)
and u0 the solution of the homogenized problem{
Kd
∂u0
∂t
− divx (A
∗∇xu0) = 0 in (0, T ) × R
d
Kd u0(0, x) = |Y
0|u0(x) + |∂Σ0|d−1v
0(x), x ∈ Rd
(9)
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where Kd = |Y
0|+K|∂Σ0|d−1 and the dispersion tensor A
∗ is given by
A∗ij =
∫
Y 0
D(y) (∇yχi + ei) · (∇yχj + ej) dy + κ
∫
∂Σ0
(
χi −
ωi
K
)(
χj −
ωj
K
)
dσ(y)
+K−1
∫
∂Σ0
DS(y)
(
Kei +∇
S
yωi
)
·
(
Kej +∇
S
yωj
)
dσ(y)
(10)
with (χ, ω) = (χi, ωi)1≤i≤d being the solution of the cell problem such that
u1(t, x, y) = χ(y) · ∇xu0(t, x) , v1(t, x, y) = ω(y) · ∇xu0(t, x) , (11)
and the cell problem is

b(y) · ∇yχi − divy(D(∇yχi + ei)) = (b
∗ − b) · ei in Y
0,
bS(y) · ∇Syωi − div
S
y (D
S(∇Syωi +Kei)) = K(b
∗ − bS) · ei + κ
(
χi −K
−1ωi
)
on ∂Σ0,
−D(∇yχi + ei) · n = κ
(
χi −K
−1ωi
)
on ∂Σ0,
y → (χi, ωi) Y − periodic.
(12)
Remark 3.4 The asymptotic profile u0 is defined in a moving frame of reference. Of course, one can
go back to a fixed frame of reference by defining u˜0 (t, x) = u0
(
t, x− b
∗t
ε
)
which is now solution of an
homogenized convection-diffusion equation
Kd
∂u˜0
∂t
+
1
ε
b∗ · ∇u˜0 − divx (A
∗∇xu˜0) = 0 in (0, T ) × R
d.
Proof. Inserting the ansatz (4) in the equations (1) and (2) yield cascade of systems of equations.
Applying Lemma 3.1 to the one got by identifying the co-efficients of ε−2 helps us deducing that u0
and v0 are independent of y and satisfy v0(t, x) = Ku0(t, x). At order ε
−1 we find

−b∗ · ∇xu0 + b(y) · (∇xu0 +∇yu1)− divy(D(y)(∇xu0 +∇yu1)) = 0 in Y
0,
−b∗ · ∇xv0 + b
S(y) · (∇Sxv0 +∇
S
y v1)− div
S
y (D
S(y)(∇Sxv0 +∇
S
y v1))
= −D(y)(∇xu0 +∇yu1) · n = κ
(
u1 −K
−1v1
)
on ∂Σ0,
y → (u1(y), v1(y)) Y − periodic.
(13)
The compatibility condition (7) of Lemma 3.1 yields the value (8) of the drift velocity b∗ in order to
solve (13). By linearity of (13) we deduce that its solution is given by (11) where (χ, ω) is the cell
solution of (12). Upon identification of the ε0-order system with (6) we get the following source terms

f = (b∗ − b) · ∇xu1 + divx(D(∇xu0 +∇yu1))−
∂u0
∂t
+ divy(D(∇xu1)) in Y
0,
g = −D∇xu1 · n on ∂Σ
0,
h = −∂v0
∂t
+ b∗ · ∇xv1 − b
S · (∇xu1)
+divx(D
S(∇xv0 +∇
S
y v1)) + div
S
y
(
DS∇xv1
)
on ∂Σ0.
(14)
Applying the compatibility condition (7) of Lemma 3.1 to these right hand sides leads to the ho-
mogenized problem (9). We symmetrize the dispersion tensor A∗ since only its contraction with the
(symmetric) hessian matrix ∇2u0 plays a role in the homogenized equation. In other words its an-
tisymmetric part (if any) cannot be deduced from the above method of obtaining the homogenized
equation. Testing the cell problem (12) for (χi, ωi) by (χj, ωj) and vice-versa leads to the furthur sim-
plification of the dispersion tensor to arrive at (10). To obtain the initial condition of the homogenized
equation we use a conservation property in the unit cell which says that∫
Y 0
u0(0, x) dy +
∫
∂Σ0
v0(0, x) dy =
∫
Y 0
u0(x) dy +
∫
∂Σ0
v0(x) dy
leading to the desired initial condition upon recalling that v0 = Ku0. This proof is purely formal
since it is based on the assumption (4) of a given ansatz for the solution (uε, vε). Using the method of
two-scale convergence with drift [8], one can show that (uε, vε) converges to (u0,Ku0).
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4 Numerical study
We content ourselves in computing the homogenized coefficients given by Theorem 3.3 and study their
variations according to various parameters in the microscopic model. Our numerical simulations are
performed with the FreeFem++ package [9]. We have used Lagrange P1 finite elements with 33586
vertices (degrees of freedom) with a characteristic Galerkin method for the convective term. The solid
obstacles are taken to be circular disks. The velocity profile b is generated by solving the following
Stokes problem in the fluid part Y 0 of the unit cell.

∇yp−∆yb = e1 in Y
0,
divyb = 0 in Y
0,
b = 0 on ∂Σ0,
p, b Y − periodic.
(15)
We do not take into account the surface velocity, i.e., bS ≡ 0. The numerical values of the parameters
in our simulations are the following. The radius of the circular obstacle is r = 0.2 : the porosity is thus
|Y 0| = 1 − r2pi = 0.874357 and the tortuosity is |∂Σ0| = 2pir = 1.25664. The adsorption equilibrium
constant isK = 1 : thus we findKd = |Y
0|+K|∂Σ0| = 2.13099. The adsorption rate is κ0 = 1. The bulk
molecular diffusion is constant D = 1, as well as the surface molecular diffusion DS = 1. By formula
(8) we obtain the drift velocity b∗ ≈ (0.018 , 0) while the mean velocity is
∫
Y 0
b(y) dy ≈ (0.038 , 0).
In a first experiment we study the behavior of the longitudinal dispersion with respect to the local
Pe´clet number Peloc (we simply multiply the velocity field b(y) by an increasing factor) for various
values of DS (see Figure 1 left). As can be expected the dispersion increases with Peloc. Clearly the
dispersion increases with DS too. However, as shown by Figure 1 (middle and right), the dispersion
reaches a limit as DS goes to infinity. This can be explained by the fact that, in such a case, the cell
solution satisfies in the limit ωi +Kyi = cst on the pore surface ∂Σ
0.
In a second experiment we study the behavior of the longitudinal dispersion with respect to the
reaction rate κ. Interestingly enough, we oserve an inversion phenomenon on the bulk corrector χ1
(see Figure 2 where the grey scale goes from smaller values in white to larger values in black). A similar
inversion is exhibited by χ2 too. However, this inversion phenomenon doesn’t appear in absence of
surface molecular diffusion(DS = 0). For a given positive value of DS, increasing κ implies that it may
be more favorable to the solute to ”travel” close to the pore surface by using the surface diffusion.
Therefore, the solid pores may be seen as obstacles for small κ or attractors for large κ. In Figure 3
we plot the dispersion in two asymptotic regimes : κ → 0 and κ → ∞. Once again when κ → ∞ we
get an asymptote for the dispersion, corresponding to a limit cell problem where Kχi = ωi. Of course,
the transverse dispersion is always smaller than the longitudinal dispersion. Figure 3 (a) and (c) show
the blow-up behavior of both longitudinal and transverse dispersions when κ→ 0. This is due to the
ill-posedness of the cell problem (12) in the limit κ→ 0.
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Figure 1 – Longitudinal dispersion as a function of Peloc for different values of D
S (left), longitudinal
dispersion as a function of DS (middle), transverse dispersion as a function of DS (right)
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Figure 2 – The cell solution χ1 for increasing adsorption rate : κ = κ
0, κ = 5κ0, κ = 6κ0, κ = 8κ0
(from left to right)
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Figure 3 – From left to right : (a) longitudinal dispersion as κ → 0 ; (b) longitudinal dispersion as
κ→∞ ; (c) transverse dispersion as κ→ 0 ; (d) ransverse dispersion as κ→∞
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